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CURVATURE COMPUTATIONS FOR A TWO-COMPONENT 
CAMASSA-HOLM EQUATION WITH VORTICITY 


MARTIN KOHLMANN 


Abstract. In the present paper, a two-component Camassa-Holm {2CH) sys¬ 
tem with vorticity is studied as a geodesic flow on a suitable Lie group. The 
paper aims at presenting various details of the geometric formalism and a ma¬ 
jor result is the computation of the sectional curvature K of the underlying 
configuration manifold. As a further result, we show that there are directions 
for which K is strictly positive and bounded away from zero. 
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1. Introduction 

As a mathematical model for two-dimensional shallow water waves with constant 
vorticity, the following generalized two-component Camassa-Holm (2CH) system 
has attracted a considerable amount of interest recently: 

{ rrit = aux - aux-m - urux - Kppx, 
pt = -upx - {a - l)uxP, 
at = 0 . 

Here a G M\{1}, a is a constant, n > 0 and m = Au with A denoting the Fourier 
multiplication operator A = (1 — d^Y for s > 1. The functions u and p depend 
on time t and a spatial variable a; G S ~ R/Z. A derivation of the system © 
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with s = 1 by means of formal asymptotic methods applied to the full-governing 
equations for two-dimensional water waves with constant vorticity is the subject 
of the paper 0. A special case of the system © is a one-parameter family of 
evolution equations obtained for a = 0, s = 1 and p = 0 and it is also called the 
^-equation [Sl III ll9j (here with the parameter a ^ 1). To further special cases of 
this family are the Camassa-Holm (CH) equation (a = 2) 

( 2 ) lit ^txx — ‘^^x^xx 3uUx UUxxx: 

cf. 0, and the Degasperis-Procesi (DP) equation (a = 3) 

iit Utxx — ^^x^xx 4:UUx iiUxxx: 

cf. 0. Apart from the fact that both the CH equation and the DP equation are 
of hydrodynamical relevance, see e.g. 22|, they share some interesting mathe¬ 
matical properties: the 6-equation is integrable only if b C {2,3} in the sense that 
for 6 G {2^1 there exists a bi-Hamiltonian formulation and a Lax pair represen¬ 
tation [Sl, [7|. Moreover, both the CH and the DP equation allow for finite-time 
solutions that can be interpreted as breaking waves y or shock waves 151 as well 


as for global solutions [l^ and peculiar traveling wave solutions 27l|28|. The 2CH 
equation without vorticity (a = 0, a = 2 and s = 1 in ([T|)) has been the subject 
of [i, 141 where the authors proved local-in-time well-posedness by applying Kato’s 
semigroup approach, discussed blow-up and established its integrable structure. In 
addition, the hydrodynamical relevance of the 2CH system without vorticity as a 
two-component extension of the CH equation is presented. 

A remarkable property of the 6-family equations is that they allow for a geo¬ 
metric reformulation on the diffeomorphism group of the circle. The group of all 
smooth and orientation-preserving diffeomorphisms S denoted as Diff°°(S), 

is a Frechet Lie group that can be equipped with an affine connection V so that 
the 6-equation is the geodesic equation on Diff°° (S) with respect to the connection 
V, see, e.g. 


13 


24| . Furthermore, the geodesic flow is the minimizer of a length 
functional if and only if 6 = 2; in this case the resulting equation, precisely the 
CH equation, is a metric Euler equation with respect to the metric. The DP 


equation belongs to the class of non-metric Euler equations [l7l [2^ . An analogous 
geometric framework has been established for the 2CH equation without vorticity 
in 12, [i^ where the authors showed that it can be recast as a geodesic flow on 
the semidirect product Diff°° (SjCsjC"^ (S) equipped with the metric for the first 
component plus the L 2 metric for the second component. 

The geometric theory for evolution equations arising in hydrodynamics is not 
only a technical game: There are various applications of the geometric picture 
concerning the features of solutions to report on. In 13| , the authors make use of the 
geometric reformulation to establish the well-posedness of the periodic 6-equation 
on a scale of Sobolev spaces that are used as a Banach space approximation for 
C°^ (§). In Q , finite time solutions to the CH equation are related to a breakdown 
of the geodesic flow. In particular, computations of the sectional curvature have 
been performed as the sign of the sectional curvature of the underlying configuration 
manifold has implications for the stability of its geodesics. The curvature tensor 
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for the CH equation on the diffeomorphism group of S has been computed in [3C 
where the author also shows that the non-normalized sectional curvature Sen is 
positive on an infinite-dimensional subspace containing the vector cos kx and that 
the normalized sectional curvature is bounded away from zero on this subspace. 
Moreover, 

= (rcH(M,u),rcH(u,u))^i - (rcH(M,M),rcH(l',l'))iji 

with rCH denoting the Christoffel operator for the CH equation. Similarly, it could 


be shown in 12| that the non-normalized sectional curvature S' 2 CH for the 2CH 
equation without vorticity is strictly positive in directions spanned by vectors of 
the type {cos kx, cos lx), that the normalized sectional curvature is bounded away 
from zero in directions spanned by vectors of the type (0, cos kx) and that 

<S'2Ch(u,'u) = (r2CH(M,w),r2CH(u,'y))iji0i2 - (r2CH(M, u),r2CH('y,'y))iji0i2 , 
with r 2 CHdenoting the Christoffel operator for the 2CH equation. We refer the 
reader to 3, [i3| for further curvature computations for related equations of hydro- 
dynamical relevance. 

In the present paper, we first focus in detail on the geometric picture for Eq. © 
with the fixed parameters a = 2 and k, s = 1. The fact that o represents geodesic 
motion on the Lie group (Diff°“(S)(S)C°“(§)) x R with a suitable right-invariant 
metric {■, Oa induced by an operator A has been established in llj where the 
authors compute the adjoint of the adjoint action on the Lie algebra with respect 
to (•, •)^ in order to identify Eq. with the geodesic equation Ut = —ad^H, 
where U = {u,p,a). However, the various analogies and their consequences when 
comparing the geometric picture for Eq. m with the geometric picture for the rigid 
body motion pioneered by Arnold [l| in 1966 have not been work out to the best of 
the author’s knowledge. Section[2]of the present work has the goal to provide some 
further aspects of the geometric theory for the 2CH equation (P). In Section P 
we present the following main theorem on the sectional curvature associated with 
Eq. (P. It clearly gets in line with the above mentioned results on the sectional 
curvature for the CH equation and the 2CH equation with a = 0. 

Theorem 1. Let R denote the curvature tensor associated with the 2CH equation 
P on (Diff°“(§)(s)C'°“(§)) X R and denote by S{u,v) = (i?(u, u)u, the non- 
normalized sectional curvature at the identity. Then 

(3) S{u, v) = {T{u, v),r{u, u))a - (r(M, u), r(u, v))j,^ . 

Moreover, S{u,v) > 0 for all vectors of the form 
'^cosfcia;^ /cosZixX 

u=|cosA:2a; , u= cosZ2a; , /ci, fc2, ^i, ^2 S 27rN, a > 6 max{kl, if}, 

a V 1 / 


and the normalized sectional curvature 
K{u, v) = 


S{u, v) 


{v,v)^- {u,v)^ 

is bounded away from zero for fixed values ki ^ k 2 , h ^ h and as a 
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2. The geometric formalism 

In 1966, Arnold [l| showed that the motion of a rigid body rotating around its 
center of mass is in fact geodesic motion on the group G = SO{‘i). The configuration 
of the body at time t is given by a rotation matrix R{t) which maps the position of 
a particle in body coordinates to its spatial position. The quantities ui = RR~^ and 
n = R~^R are elements of so(3), the Lie algebra g of SO{2>), and correspond to the 
angular velocity in spatial or body coordinates respectively. A moment of inertia 
tensor I maps the body velocity to its momentum 11 = 117; the spatial momentum 
is denoted by tt = i?f7. As so(3) and so(3)* are canonically identified with the 
Adjoint and Co-Adjoint actions Ad_R, Ad^ are maps —)• and they link the 

velocity and the momentum in the spatial and the body frame of reference. Euler’s 
equations for the rigid body motion particularly imply that the spatial momentum 
is a conserved quantity. 

proved in 1970 that Arnold’s formalism can also be 


Ebin and Marsden 
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applied to the motion of an ideal fluid for which the configuration space is the group 
of all volume-preserving diffeomorphisms of the fluid domain. A major difference to 
the rigid body motion is that the Riemannian metric on the diffeomorphism group is 
right-invariant whereas the geodesic equation for the rigid body is induced by a left- 
invariant metric. Details of this geometric app roach have been elaborated in detail 


for the Camassa-Holm equation ([2]) in 25|, l29| where the authors show that Eq. ([2]) 


with periodic boundary conditions is equivalent to a geodesic equation on the group 


Diff°° (S) of all smooth and orientation-preserving diffeomorphisms on S. In 1^ [201 


the authors showed that the 2CH equation without vorticity (a = 0) allows for a 
geometric reformulation on the semidirect product group Diff°° (S)(S)C'°° (S). We 
refer the reader to Appendix A of the paper 12| where the analogy of Arnold’s 
approach to the geometric picture for CH and 2CH without vorticity is explained. 

In this section, we present in detail the geometric picture for Eq. m with the 
fixed parameters a = 2 and k,s = 1. 


2.1. The Lie group. Consider the Frechet Lie group 

C°°G:= (Diff“(§)(S)C'°°(§)) X R 

where Diff°° (§) denotes the group of smooth and orientation-preserving diffeomor¬ 
phisms of S := ~ M/Z and (S) denotes a semidirect product. Writing o for the 

composition of functions, the group product on C°°G is given by 

i<Pl,fl,Sl) * ((/32,/2,S2) = i<Pl OV?2,/2 +/l OV?2,Sl +S 2 ), 

for {ifi, fi, si), ( 1 ^ 2 , / 2 , S 2 ) G Diff°°(S) X C'°°(S) x R. The neutral element on C°^G 
is (id, 0, 0) and one easily checks that ((/?, /, s) G C°°G has the inverse 

f, s)~^ = -f o -s). 

Let Rg and Lg denote right and left translation on C°°G and write Igh = LgRg-ih 
for the inner automorphism. We observe that 
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Writing Tg for the tangent map at g G C°°G, we have that 

P2, a2) = [T’(id,0,0)^(vi,/i,si)] {u2,P2iCt2) 

= {{u2Vlx) O {P2 + flxU2) O “ 2 ) 

and 

^^{ui,pi,ai)iu 2 , P 2 , 0 ' 2 ) = T’(id,0,0) [Ad(.) (m 2 , P2 , <^2)] (Ml,Pl,ai) 

= {uixU2 — U2xUl , pixU2 — P2xUl , 0 ) 

= [(ui,pi,ai),(u2,p2,a2)]; 
here, [•, •] denotes the Lie bracket on the Lie algebra 

C°°0 := T(id,o,o)C'°°G ~ C'°°(§) x ^“(S) x R. 

For the following considerations, it will be also important to note the trivialization 
rC°°G' ~ (Difr°(S) X C°°(S) x K) x (C°“(§) x C°“(§) X K). 

For a smooth path g(t) = {(p,f,s){t) in C°°G, the associated Eulerian velocity 
{u,p,a){t) = Tg(t)Rg-i{t)g'{t) e G°°q is given by 

( 4 ) {u,p,a){t) = {if' o , f o , s'){t) 

and 

Uo{t) :=r,p)Vip)g'(t) = 

\ ^ X ^ X / 

so that, for U = {ui,U2jU3) € 

^^{cpJ,s)U = {AdgiUl, {u2 + fxUl) o ip~^,U 3 ) , 
where Adi^iti = (uipx) o is the Adjoint action with respect to Diff°°(S). 


2.2. The right-invariant metric. We define an inner product on G°°q by setting 

( 5 ) 

(^>^)(id 0 0 ) ■= / UiVidx+ UixVixdx+ U2V2dx-- {uiV3+U3Vi)dx+-U3V3, 

Js is is ^ Js ^ 

where U = {ui,U 2 ,U 3 ),V = ivi,V 2 ,V 3 ) G G°°q. It is shown in [l^ that (•, •)(id,o,o) 
is indeed positive definite. With the inertia operator A: ^ (C'°“0)* given by 

AU := - iwa, U 2 , ^ (^3 - J uidx 

where A = 1 — d^, we observe that 


(C7, := J^iAU) • Vdx = {U, F)(id.o.o) 


2 

m 


and that the associated quadratic form is equivalent to the Hilbert norm 
II “ 2 1 ^2 + l^3p- We define a right-invariant metric on G°°G by setting 

~ AR{vJ,s)-^U,TR(^g,J^gylV)^ 

for all U,V G T(ipj,s)G°°G ~ C°“(S) x C°°(S) x R. It is well-known that the 
right-invariant metric for the 2CH equation without vorticity depends smoothly on 
(</?, /), cf. [l2|, and by the definition of (•, j and the fact that G°°G is a Lie 
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group, it is immediately clear that (•, ■)f^^ j depends smoothly on (t^, /, s) so that 
{C°°G, (•, •)a) is indeed a (weak) Riemannian manifold. 

The operator A maps the Eulerian velocity (u, p, a) to the momentum 


p := A(m, p,a) = [Au- ]-a, p, i 


a — u 


dx 


Using the A 2 -pahing to identify the regular part of with C°“ (§) x (S) x K 

and that Ad* m = (m o w = Au, we observe that 

(/r, Ad(,^j_s)U) = J (^Au - Ad^vi dx + j p[[fxVi + V 2 ) o ^~^]dx+ 

= J { pI + {po (p)fxipx'^ Vidx + j{pop)pxV2dx 

^ ^ y u dx^ V3 dx 

so that po := Ad*^j^g-^p is given by 

2 


Mo = 


Q/ ■ ^ 

(mop) - -J ^pl + {po p)fxPx, (p o p)Px, 2 


a — u 


dx 


We also show that, in analogy to the rigid body motion, we now obtain a conser¬ 
vation law for the 2CH equation ©• 

Proposition 2. The quantity po corresponding to the body momentum of the rigid 
body motion is a conserved quantity for the 2CH equation O, *.e. 

d 

dt^^ = 

Proof. A simple calculation shows that 


dt - 


(mop-^'^pl + {po p)fxPx 


= [{mt + 2uxm + umx — aux + ppx) o p\pi + [{pt + upx + Uxp) o p]fxPx 
= 0 . 


That the second component of pq is conserved follows from Lemma 6.1 in ll| and 
the time derivative of the third component of po is zero as 

Ut = -dx [A~^{u'^ + ^ul + \p^ - au) + , 

cf. Eq. (| 6 ]). □ 

The adjoint of the operator ad: C°°q x C °°0 —>■ C°°q has been computed in 


11 


16| and writing ad*^^ ^^ „j)('U 2 ,P 2 , 0 : 2 ) = {u,p,d), one has 

u = A~^{ 2 uixAu 2 + uiAu 2 x - a 2 Uix + P 1 XP 2 ) + / {uixAu 2 + P 1 XP 2 ) dx, 

Js 


P = {uiP2)x 
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a = 2 {uixAu 2 + pixPi) dx. 


2.3. The geodesic spray. To obtain the weak formulation of m, we apply the 
operator A~^ to the first equation and add the term uux so that 

ut + uUx = A~^[aux — 2uxm — urux — ppx + A{uux)) 

= -A~^dx {u^ + - au) ; 

observe that the terms including third order derivatives of u cancel out on the right 
hand side. We may thus rewrite ([T]) as 

{ Ut + uUx = —A~^dx {u^ + \ul. + — au) , 

pt+upx = -pux, 
at = 0 . 


Writing U = {ui,U 2 ,U 3 ),V = {vi,V 2 ,V 3 ) € C^q and U = (mi,M 2 ) and V = {vi,V 2 ), 
we introduce the bilinear operator 


TiU,V) := 


^-A ^dx {uivi + \uixVix + \u2V2 - \u3V1 - \u1V3y 


(7) 


- 2 U 2 V 1 X — 2'U-1xV2 

0 


r0({7,y) 




+ 


dxiusvi 
0 
0 


■ U 1 V 3 Y 


where 

\U2V2)'\^ 

denotes the Christoffel operator for the 2CH equation without vorticity [l^. Again, 
the map F: C°°g x C°°g C°°g can be extended to a right-invariant bilinear 
operator x T(^^j^s)G°°G by setting 


( 8 ) 


r°{U,V) := 


-A ^dx {uivi + ^uixVix + 


-^U2Vix - ^UixV2 


7'(c^,/,s) dd{^p,f ,s) bpcl,0,0) • 

The second order vector field TG°°G —>■ TTG°°G, {g,U) {g,U,U,Tg{U,U)) is 

called the geodesic spray for the 2CH equation (HD. 


2 . 4 . The geodesic equation. Introducing Lagrangian variables {(p,f,s){t) for 
Eq. (H)) by setting 

If' = u o ip^ f' = po ip, s' = a 

it follows that ([HD is equivalent to the geodesic equation 

(9) ( 95 , f, s)"{t) = r(,^j,s)(t)((<^, /, sy{t), {ip, /, s)'(f)). 

We finally give a rigorous proof of the fact that the geodesics {p, f, s){t) are in fact 
length-minimizing with respect to the metric {•, •)^. 
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Proposition 3. Let 'y{t) : [0, T] —>■ C°°G denote the shortest path on C^G between 
fixed endpoints with respect to the metric (•, •)^. Then {u, p, a)(t) = {t) 

is a solution to the 2CH equation (H)), i.e. (H)) is the Euler-Lagrange equation for 
the action functional 

a(7) = ^^ {l'{t),i{t))-^{t)dt- 

Proof. Assume that 7 is a critical point in the space of paths for the functional a. 
Then 

d 

— a(7 + er ))=0 

d^ e =0 

for every path rj: [0,T] —>■ G°°G with endpoints at zero and such that 7 + £77 is a 
small variation of 7 on G°°G. As 

fT r n 

[( 7 ^ +£ 77 i) o (71 +£ 771 )“^] dtdx 


fL 

de 


£ = 0 


a{'l + er]) = J^ 

' {( 7 ; 0 71-);; 


[ill + £v[)x o {"fi-\-epi) ^]^dtdx 


£=0 


/O JS 


[(72 + £772) O (71 + £ 771 ) dt dx 


10 -Is 


lo Js 


A. 

de 

A 

de 


{(73 + ■ [( 7 ^ + £d'i) ° (71 + £m) } dtdx 


£—0 


iA+sVsfdtdx 


£—0 


— Ti + T 2 + R 3 + R 4 


'-5, 


where the prime indicates differentiation with respect to time, we can invoke a 
result presented in [ 2 ]| to conclude that 

Ii + X2 = - / ivi o iuUx - Utxx - ‘ 2 UxUxx - UUxxx] dt dx 

Jo Js 

with 77, = 7 ^ o 7 ;f^. Differentiating the equation 71 o 7 ^“^ = id with respect to t and 
X yields expressions for the derivatives of that help us to conclude that 


d 

de 


[il2 + £^2) ° (71 + £m) =V2°ll^ - [idxl2) O 7 l 


-n 71 ° 7 i 


-1 


-1 


e=0 idxll)oj:[ 

= 94(772 O 7 f h + (7( o jA)dxir]2 o 7 f h “ ivi ° lAWxiA ° 7 rh- 

Writing p = I 2 ° i integration by parts and the boundary conditions for 77 now 
show that 


X3 = - 


lo Js 

Similar calculations yield that 

rT 

Ta = -' 


/ ir]2 0 1i^)[pt +ipu)x]dtdx - {riio^^^)pp^dtdx. 

Jo Js Jo Js 

Dns yield that 

If f W3U + 73 [9t(77i o yfh + ( 7 I o 'yA)dxivi o 7fh 

^ Jo Js 
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- ivi o7i ^)\]dtdx. 

As r]^{t) G R for any t G [0, T], the first term in I 4 vanishes due to the fact that 


/ / ri'^udtdx = — / / rjsUtdtdx 

Jo Js Jo Js 


0 Js 

T 

m 


Ut dx I dt 




=0. 

With 73 = a, the remaining term can be rewritten as 


X4 = 


/ im °+ aux) dtdx. 
Jo Js 


We finally observe that 


= 


7; [ [ iWodtdx = [ [ atmdtdx. 

^ Jo Js ^ Jo Js 


Hence the critical point of the length functional a is obtained from the equation 

/ / (^1 O + iuUx - Utxx - 2 UxUxx - UUxxx “ OLUx + PPx “ dt dx 

Jo Js 

+ I I im °li^)[pt + {pu)x]dtdx + ^ I I atPodtdx = Q. 

Jq Jh ^ Js 

Since we can choose t] arbitrarily, we immediately obtain the system m from the 

above identity. □ 


2.5. The affine connection. The geodesic flow {ip,f,s){t) is not only the mini- 
mizer of the length functional on {C°°G, {■, ■)^), it is also the geodesic flow corre¬ 
sponding to the affine connection 


(10) iVxY){p, f, s) := DY{p, f, s) ■ X{p, f, s) - {X, Y) 


where X and Y are smooth vector fields on C°°G. It follows immediately from the 
definition (HOI) that V is a Riemannian covariant derivative as defined in 29|, i.e., 


(i) V is R-bilinear, 

(ii) X{p, f,s) = 0 implies that {VxY){p, f, s) = 0 , 

(in) VxifY) = fVxY + X{f)Y for / G C“(C“G) and 
(iv) Vjfr-VvW = [A,y] 


with the Lie bracket given locally by 


[A, y](g) = DY{g) • X{g) - DX{g) • Y{g), g G G“G. 

Proposition 4. The Riemannian covariant derivative {X,Y) VxY defined in 
(uni) is compatible with the metric ((5|) . 
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Proof. Let X {ip, f,s), Y {ip, f, s) and Z{(p, f, s) be smooth vector fields on C°°G and 
let u = X{ip, /, s) o ip~^,v = Y (ip, /, s) o ip~'^ and w = Z{ip, /, s). Let 7(e) C C°°G 
be a smooth path such that 7(0) = {(p, /, s) and 7'(0) = X{(p, f, s). Then 


{X{Y,Z)Ji^,f,s)= - 


d 

e=0 


^ri(7(e)) 071(e)- 


^Zi(7(e)) 071(e)- 


Fa(7(e)) 071(e) 1 , Z2(7(e)) 071(e) 


-1 


£=0 


h3(7(£)) 




y(7(e)) 071(e) \Z(7(e)) 071(e) 

/ H^®L2 

- \ ° 71(e)"^^3(7(e)) + 2’i(7(e)) o 7i(e)"^y3(7(e))] dx 


jL 

de 


-F3(7(e))^3(7(e)) 


F(7(e)) 071(e) hF(7(e)) 071(e)- 


i / [wsiDYi ■ X) o + V1DZ3 ■ X - uiVixW'i] dx 
^ Js 

- [ [v3{DZi ■ X) o + W1DY3 • X - U1V3W100] dx 

^ Js 


+ —{W3DY3 ■ X + V3DZ3 ■ X). 
On the other hand, we have 




f{DY ■X)otp-^-r^{iL,v)\ 1 


= ({DY-X)o(p —Y\u,v),w) 


DY3X 




A ^dxiu3Vl +UlV3)'^ 
0 
0 


/ H^®L2 


If 1 

- - / [W1DY3 ■ X + wsiDYi ■ X) o - wix{u3Vi + Mills)] dx + -W3DY3 ■ X 

^ Js ^ 

where we have used that integrals of the type 

/ T^{u,v)w3dx = / A~^{uiVi-\-^uixVix-\-^U2V2)w3j,dx = 0 

Js Js 

vanish. Clearly, 

{XxZ, y)(^_^= (^{DZ ■ X) o ^-1 - r 0 (fi, 

If 1 

- - [V1DZ3 • X + V3{DZi • X) o (p~^ - vix{u3Wi + U1W3)] dx + -V3DZ3 • X. 

^ Js ^ 

Applying 12|, Prop. 3.1] completes the proof of the proposition. 


□ 


2 . 6 . Summary and conclusions. In the following tabular, we summarize some 
unifying features of the approach pioneered by V.I. Arnold by comparing the geo¬ 
metric quantities for the rigid body motion with the corresponding quantities that 
have been presented in this section for the 2 CH equation with vorticity. 
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Rigid body 


2CH with vorticity 


configuration space 
Lie algebra 
material velocity 
spatial velocity 
body velocity 
inertia operator 
spatial momentum 

body momentum 

spatial velocity (Ad) 
body momentum (Ad*) 
momentum conservation 

Lie bracket (ad) 

ad* 


SO(3) 

so(3) 

R{t) 

u, = RR-^ 

n = R-^R 
TT — i?n 

iij — Adi?r2 
n — Ad^TT 
TT = const. 

[A,B] ^ AB - BA 
ad\B — [B, A] 


C°°G = (Diff°°(S)(s)C~(S)) X E 
C°°(S) X C°°(S) X E 
(v,/, s)'(t)^ 

{u, p, a) — {ip' o ip~^, f' o ip~^, s') 

Uo = {^,h-U^,s') 

A 

M = {Au - f, p, f - i fgudx) 

/[(m o cp) - f]ip^ + (p o ip)fxVx 
AO = (P o ip)(px 

\ f - i /s “ 

{u,p,a) = 

AO = Ad(^ j. 

fXQ — const. 

( Uia:U2 — U2xUi 

Plx“2 - P2x“l 
0 

ad(„^,p^,<,^)(u2,P2,a2) 

/ A~-'-{2uixAu2 + tilA«2x — a2Mlx + PlxP2)\ 

+ /s(“ia;A«2+PlxP2)<ia: 

(uiP2)x 

V _ 2 f^{uixAu 2 + P 1 XP 2 ) dx _ ) 


The geometric theory is not only aesthetically appealing but also helps to under¬ 
stand some important features of the solutions to the 2CH equation: 

The authors of [llj showed that the geodesic spray ((</?, /, s), 17, U,TU)) 
is smooth as a map TH^G -A TTH'^G, for s > 5/2, where H'^G denotes the group 
(DifF®(S)(S)77®“^(§)) X R and DifF^(S) is the group of all orientation-preserving i7® 
diffeomorphisms S ^ S. The groups 77® G are only topological groups (but not Lie 
groups), instead they are Banach manifolds (and not Frechet manifolds) so that 
the Picard-Lindelof Theorem can be applied to conclude the existence of a local-in¬ 
time solution ((/?,/, s)(t) to the geodesic equation ([9]) for any pair of initial values 
{uo,po) € 77®(S) X 77®“^(S) and a G M. A Hilbert approximation of C°°G by the 
groups 77® G then shows that Eq. ([9]) also possesses a unique non-extendable solution 
with smooth dependence on the initial data in the smooth category. As G°°G is 
a Lie group, composition and inversion are smooth maps so that the relation ([4]) 
immediately implies that Eq. m possesses a unique maximal solution (u, p){t) G 
G°°(S) X G°°(S), t G J, for any initial datum (uo,po) C G°°(S) x G“(S) and any 
a G K. 


By Theorem 6.5 of [ll|, the solution (u, p){t) exists for all t > 0 provided \ux 
is bounded on any bounded subinterval of J. 


3. The sectional curvature 


In this section, we present some curvature computations providing a proof of 
Theorem [TJ 

We begin with the term (r(u, u), r(M, u))^ on the right hand side of ([3]) which we 
intend to rewrite as (r°({i, v), r°(u, u))^ plus additional terms; again r° denotes the 
spray for the 2CH equation without vorticity, cf. Eq. ([ 8 ]), u = (mi,U 2 ), v = (^ 1 ,^ 2 ) 
and A = diag(A, 1). By ([7]) and the definition of the metric ([SI), we have that 


(r(u, u), r(M, u))a = (r°(u, 7), t°{u, v))^ + ( r°{u, v), 


A ^dx{u3Vi 
0 


U 1 V 3 ) 


)), 
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( 11 ) 


+ - {A~^dx{u'iVi + uiV'i), A~^d^{u'iVi + uivy,))^ 

- / dx{uiVi + \uixVix + ^U2V2)A~^ dx{u^Vi + U1V3) dx 

Js 

+ 7 f dxiusVi + uiV 3 )A~^dx{u 3 Vi + U 1 V 3 ) dx. 

4 Js 


The second term on the right hand side of ([3]) is computed similarly and we find 
that 

{T{u,u),T{v,v))j^ = {r°{u,u),r°{d,i))^ 

- / doo{ul + + \ul)A~^dx{viV3) dx 

Js 

- / dx{vl + + ^V2)A~^dj;{uiU3) dx 

Js 

( 12 ) + dx{uiU3)A~^d,i;{viV3)dx. 

Js 

Let u,v,w G TpC°°G be three tangent vectors at a point p £ C°°G. The curvature 
tensor R for {G°°G, (•, •)^) is given locally by 

(13) Rp{u, v)w = DiTp{w, u)v - Dirp{w, v)u + Tp(Tp{w, v),u) - rp(rp(rt;, u),v), 


cf. [26| , where Di denotes differentiation with respect to p: 

d 


DiTp{w, u)v = 


de 


- p-\-€V 


{w,u). 


e=0 


We apply Eq. (USD at p = id and with lu = u in order to rewrite S(u,v) = 
{R{u,v)v,u)^ as a sum of terms involving r° and first and second components 
of u and v plus additional terms involving the third components. Therefore, we 
make use of the identities 

d 


de 


Uio(id + £Ui) =—UixVi 


£—0 


and 


Dir°{w,u)v = -r°{wxVi,u) - r°{uxVi,w) + r°{w,u)xvi, 


see the proof of 1^ Prop. 5.1], to infer that 

^-T°{vxVi,u) - T°{uxVi,v) + r°{v,u)xVi 


DiT{v, u)v = 


+ 


^-^A-^da:{uixViV3 + U3ViVia:)'^ 
0 
0 

'^viA~''^d^{uiV3 + usviy 
0 
0 
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and similarly that 

Dir{v,v)u = 


-2T°{vxUi,v) + 

0 

^-A-^dxiuiVixVs) + uiA-^dl{viV3)\ 


) 


Using once more the definition ([7]), we also find that 

/I /l-lA 

/rOi'rO/',-, iiU / 

T{T{v,v),u) = 


fr^{T°{d,v),u) 
0 


I 


^A ^dj;{u3T°{v,v)i)'' 
0 


0 


^-A ^dj:{uiA ^dj;{viV3) + ^uixA ^d'^ivivs) - ^U3A ^dx{viV3))'^ 


-^U2A ^d'^(viV3) 


and similarly that 
r{r{v,u),v) = 


r°{T°{v,u),d) 

0 


0 
0 


+ 


/-iA ^dx{viA ^dx{uiV3 + U3V1) + ^vij;A ^dl{uiV3 + U3Vi)\ 
-^V3A-^d^{uiV3 + U3V1)) 


V 


-JV2A ^dl{uiV3 + U3V1) 




As shown in the proof of [l^, Prop. 5.1] 

(r°({t,'D),r°(i 2 ,i;))^ - (r°(u, ft), r°(i;, h))^ = {r°{v,u)a;Vi,u)^ - {T°{v,v)^ui,u)^ 

- {r°{v^Vi,u),u)^ - {r°{v,u^vi),u)^ + 2{r°{v:^ui,v),u)^ 

+ (r°(r°(h, 0 ), u), - (r°(r°({i, u),v),u)^ 

so that, using once more the definition ([5]), we obtain that 

( 14 ) S{u,v) = {r°{u,v),r°{u,v))^ - {r°{u,u),T°{v,v))^ +Ji +J2 + J3 

where 

Ji = -- I iuiV 3 + U 3 Vi)r°{v, u)ix dx + - I {Aui)vxA~^dl{uiV 3 + U 3 ?;i) dx 

— - [ U3ViA~^dl{uiV3 + U3V1) dx + - I U2V2A~^d^{uiV3 + U3V1) dx 

^ Js 4 7g 

- \ ( Uix[viA~^dx{uiV3AU3Vi)A\via:A~^dl{uiV3+U3Vi) 

^ 7s 

- \v 3A~^dx{uiV3 + U3z;i)] dx 

+ i [ Uix{uij;ViV3+ViVij;U3)dx, 

^ 7s 
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J2= [ uiU3T^{v,v)ixdx-\-^ [ U1U3A ^dl{viV3)dx-^ [ uixU^A ^dx{viV3)dx, 
Js ^ Js ^ Js 

Jz = I Uix[uiA~^da:{viV3)-\-^UixA~'^dl{viVs)]dx-^ I ulA~^dl{viV3)dx 

Js ^ Js 

- {Aui)uiA~^dl{viV3)dx - / uiUixVixVs dx. 

Js Js 

Now the proof of formula ([3]) is completed by verifying that all the terms including 
third components on the right hand sides of m and (IT^ are equal to the third 
component terms ^ 1 +^ 2 + J 3 on the right hand side of m- Using that usx = 
V 3 x = 0, that d^A~^ = A~^dl = —1 + A~^ and integration by parts, some tedious 
computations which are omitted for the convenience of the reader show that indeed 

Jl + J2 + J3 = - / d^ciuiVi + ^UixVlx + ^U2V2)A~^dx{u3Vi + U1V3) dx 

Js 

+ 7 [ dx{u3Vi + uiV3)A~^dx(u3Vi + U1V3) dx 

4 Js. 

+ / dx(ul + + ^ul)A~^dxiviV3) dx 

+ / dx(vf + + ^vi)A-^dx(uiU3) dx 

Js 

- / dx{uiU3)A~^dx{viV3) dx. 

Js 


We now let 


I cos kix\ 


''cosZia:N 


u = I cosk2X I , u = I cos/2a:: I , 
a 

for ki,k2,li,l2 S SttN, and apply the identities 

cos^i cos 6 = ^(cos(^i -^2) +cos( 5 i + 6 )), 
sin^i sin^2 = ^(cos(Ci -^2) - cos( 5 i + 6 )), 
sin^i cos^2 = ^(sin(^i -^2) + sin(^i + 6 )), 


and 


A ^cos^x = 


1 + ?' 


■ cos^x, ^ 


1 

/ cos(^ix) cos(^2a;)da; = ^ (%.C2 + %-52). 6,6 e 27 rZ, 

C 1 

J sin(fix)sin(^ 2 a:)dx = - , ^ 1,^2 e SttZ, 

/ cos( 5 ix) sin(^ 2 a;)da; = 0 , ^i,52S27rZ, 

^0 

to observe that, by the definition of F and {*, 

s{u,v) = {r°{u,v),r°{u,v))^ - {r°{u,u),T°{v,v))j^ 
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+ 7 [ dx{c(Coslix + (3 coskix)A ^dx{acoslix + ^coskix)dx 
4 Js 

— / dx{acoskix)A~^dx{f3 coslix) dx 

Js 

X A-^dx {a cos lix + /? cos kix) dx 
+ / dxicos^ kix + ^kfsiia^ kix + ^cos^ k2x)A~^dx{/3coslix) dx 

Js 

+ / dxicos^ lix + ^lisin^ lix + ^cos^ l 2 x)A~^dx{acoskix) dx. 
JS 


By 12|, Prop. 5.1] the sum of the first two terms equals the (non-normalized) sec¬ 
tional curvature 5 ' 2 Ch(w,'c) for the 2CH equation without vorticity and 


ffcoskix\ fcoslix\\ 
\\c 0 sk 2 x) ’ \cosl 2 a:/ / 


> 


1 


1 


16 k\l\ kill ' 4 2kikl kill 


1 1 
+ T - 


> 0 . 


We may thus write 

S{u,v) = S' 2 CH (u, u) -I- /Cl -I- /C2 -f /C3 + + /C5 

and conclude that 


/Cl = 


1 / I 


-a 


1 

4 V2" '2 
„2 


+-/d + aP{Skj,h + Ski,-i:i) 


1 / /3^ I f afd \ / r r 

■ 4 l2(TT7!) + 2 ( 1 + fc?) + 2 [iTTl + TT ^) V 

/C 2 = + ^_^^2 (4i,q + 4i-q)^ , 


/C3 = - 




2 1 + /2 


:(4i+q.q +4i+q,-Zi +4i-Zi,q +4i-Zi,-q) 


+ -^kili{6ki-h,h + hi-h-h - 4i+q.q - 4i-i-/i,-q) 


+ '^{^kz+h.h + ^k2+l2,-h + ^k2-l2,h + ^k2-l2,-li) 


P kl 


2l + kl 


]{5ki+ii,ki +4i-i-/i,-fci +4i-Zi,fei +4i-q,-fci) 


“t ^(^fci—/i,fci “t —/ifci 4i-t-/i,fci fci) 


+ ^( 42 -|-i 2 ,fcl + 5 k 2 +l 2 ,-ki + Sk2-l2,ki + 6k2-l2,-ki) 


P H 


~ ^~ fci)(4fei,ii + 4fci,-ii) + 4fc2,/i + 4fe2,-/i) 


/Cs = - 


4 Y+^ ((1 - ^?)(4zi.fei + 4/i.-fei) + 4 / 2 .fci + 4 / 2 .-fei) ■ 
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We let a > 0 and /3 = 1 and recall that ki,li,k 2 , h G {27r, 47r,...} so that at most 
one Kronecker delta within each pair gives a nonzero contribution. 

Then a lower estimate for the sectional curvature is given by 


S{u,v) > -(a^ + 1) — 


a 

2 


a + 1 


3 1 , , 

2 ^ 


8(l + 47r2) 4(l + 47r2) 

1 fc2;2 Q, 

“ 41 + ^2 “ IT+lf 
> - 5aM^ - 5M^), 

where M = max{fci, li}. The right hand side of the above inequality is positive for 


As 


a > 6 M 2 > + 

“ 2 


25 


M4 + 5M2. 


{u, u)ji^ — 1 + ^{ki + a^), 

= 1 + + 1) and 

{u,v)a = 


it is clear that 
K{u, v) > 


jh(a2-5aM2-5M2) 


10 


as a 


(1 + \[k\ + a2))(l \[l\ + 1)) — \ 

oo. Thus the proof of Theorem [T] is completed. 


5(1 + + 1 )) 


T >0 

4 

□ 
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